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Abstract
We study the low-energy effective theory in N = 2 super Yang-Mills theories
by microscopic and exact approaches. We calculate the one-instanton correction to
the prepotential for any simple Lie group from the microscopic approach. We also
study the Picard-Fuchs equations and their solutions in the semi-classical regime
for classical gauge groups with rank r ≤ 3. We find that for gauge groups G = Ar,
Br, Cr (r ≤ 3) the microscopic results agree with those from the exact solutions.
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1 Introduction
The low-energy effective theory of N = 2 supersymmetric gauge theory in the Coulomb
phase is determined by a single holomorphic function, called the prepotential [1, 2]. Using
holomorphy and duality, Seiberg and Witten [3, 4] have shown that the prepotential for
the gauge group G = SU(2) is completely determined by studying its singularities at
strong coupling, where massless monopole or dyon appears. The quantum moduli space
of the low-energy effective theory is characterized by a family of elliptic curves, whose
period becomes the effective coupling of the theory. Examining these elliptic curves, one
may calculate the non-perturbative effects both in weak and strong coupling regions. In
particular, the exact solutions in the weak coupling regime leads to the non-perturbative
instanton correction to the effective couplings, while such a multi-instanton calculation
is difficult and quite cumbersome in the microscopic theory. From the viewpoint of the
microscopic theory, the exact result provides a non-trivial and quantitative test to the
method of instanton calculations. On the other hand, the microscopic instanton calcula-
tion provides a non-trivial check of the assumption of existence of massless monopole or
dyon in the strong coupling region, beyond the one-loop effect.
The microscopic instanton calculation in supersymmetric gauge theories [5]-[10] has
some good features. Firstly it is free from infrared divergences [9, 10]. Therefore one
may calculate its effect from the first principle. Secondly the non-zero modes of the
boson and fermion fields cancel with each other in the one-loop determinant [11], and
hence the problem reduces to the integration over finite number of zero-modes. Finally,
the holomorphic property of the supersymmetric gauge theory [10, 12, 13] constrains the
superpotential so severely that the lowest order calculation is enough to obtain a full order
result. In supersymmetric gauge theories, the above features will make it possible to obtain
correct instanton contributions by performing microscopic instanton calculations in the
lowest order of gauge coupling constant g ≪ 1, where such a semi-classical approximation
would be reliable. Thus one may compare the exact results with the microscopic instanton
calculations.
The microscopic instanton calculations have been investigated in the case of N = 2
SU(2) [14, 15] and SU(Nc) [16] supersymmetric Yang-Mills theories (SYMs) at the one-
1
instanton level, in the SU(2) SYM [17, 18, 19] and supersymmetric QCD [20, 21, 22]
at the two-instanton level, and in the SU(2) SYM in the multi-instanton level [19]. The
microscopic instanton results have been consistent with the exact ones so far except SU(2)
SQCDs with Nf = 3 [21] and Nf = 4 [22], where some discrepancies have been reported.
But these discrepancies seem to come from the delicate differences between the observables
of the exact and the microscopic instanton calculations, and their results do not seem to
contradict with the assumptions made by Seiberg and Witten.
In the previous paper [16], we performed the microscopic one-instanton calculation in
N = 2 SU(Nc) SYM and obtained the agreement between the exact and the microscopic
one-instanton results for the SU(3) SYM case. In this paper we study the one-instanton
correction to the prepotential of N = 2 SYM with arbitrary gauge groups from both the
microscopic and the exact calculations.
The exact result for G = SU(2) has been generalized to other gauge groups and
SQCDs by introducing matter hypermultiplets [23]-[33]. For the computation of the
prepotential, one needs to evaluate the contour integrals of a meromorphic differential
over a hyperelliptic curve [3, 4] in the weak coupling region. An efficient approach to
study this problem is to use the Picard-Fuchs differential equations and solve them near
their singularities. The Picard-Fuchs equations have been obtained for SU(2) [34] and
SU(3) SYM [35] and SU(2) SQCDs [36, 37, 38]. In the present work, we shall study
the Picard-Fuchs equations for classical gauge groups with rank r ≤ 4 and examine their
solutions in the case of G = BC2, A3, B3 and C3.
One of the technical difficulties in the microscopic one-instanton calculation for general
gauge groups is the group integration over the instanton configuration in the color space. If
the instanton calculation is done in the background of vanishing scalar vacuum expectation
values [9, 10], the result of this integration turns out to be a numerical factor coming from
gauge volume [39]. On the other hand, an N = 2 SYM theory in the Coulomb phase has
non-vanishing scalar vacuum expectation values, and the result of the group integration
shows non-trivial dependence on them. Although the group integration in the background
of non-vanishing scalar vacuum expectation values was performed explicitly in N = 1
SU(Nc) SQCD with Nc − 1 fundamental flavors [40, 41], it looks quite formidable in
general. In our previous work [16], we improve this technical difficulty by observing that
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the result of the group integration should be a holomorphic function while the integrand
is a function of holomorphic and anti-holomorphic variables. We shall generalize this
approach to the other gauge theories.
This paper is organized as follows; In section 2, we will perform the microscopic one-
instanton calculation and will obtain the one-instanton correction to the prepotential in
the N = 2 SYM theory with any simple Lie group. In section 3, we will obtain the
Picard-Fuchs equations for the exact solutions of N = 2 SYM with some classical gauge
groups and will calculate the one-instanton contributions to the prepotentials by solving
them. In section 4, we will discuss the relations between the scale parameters in the exact
solutions and the dynamical scales in the microscopic theories, and will compare the one-
instanton corrections of the prepotential. In Appendix, we will give the conventions on
the Cartan-Weyl basis and the list of the Dynkin indices.
2 Microscopic one-instanton calculation
In this section, we will perform the microscopic one-instanton calculation in the back-
ground of the non-vanishing scalar expectation values in the lowest order of the gauge
coupling constant. In this case, one needs to use, for example, the constraint instanton
method [42] to perform an instanton calculation in a theory without a scale invariance.
But, since the lowest order result will be enough to obtain a reliable full order result in
a supersymmetric gauge theory [10, 12, 13], we do not need to worry about the higher
order corrections coming from the constraint added to the action [5, 6]. We will calculate
a four-fermi correlation function of massless fermions in the microscopic theory [1, 5, 6]
in the one-instanton background. Then we will obtain the one-instanton correction to the
prepotential.
2.1 One-instanton configuration and integration measure in N =
2 SYM theory
We firstly discuss the zero-modes and the integration measure of the one-instanton con-
figuration in the case of N = 2 SYM theory with a general simple Lie group G.
The N = 2 supersymmetric Yang-Mills theory with a simple gauge group G contains
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an N = 1 chiral multiplet φ = (A,ψ) with the adjoint representation as well as an N = 1
vector multiplet Wα = (vµ, λ). The Lagrangian is
1
L = 2
∫
d4θ〈φ†e−2gV φe2gV 〉g + 1
2g2
(∫
d2θ〈W αWα〉g + h.c.
)
,
Wα = −1
8
D¯2e−2gVDαe
2gV , (1)
where g is the gauge coupling constant, and 〈·〉g denotes the trace in the adjoint repre-
sentation normalized as 〈·〉g ≡ 1kDTradj(·) for convenience. Here kD denotes the Dynkin
index of the adjoint representation of g, the Lie algebra of G (see Appendix). We will
examine this Lagrangian in terms of component fields in the Wess-Zumino gauge. The
euclidean Lagrangian of (1) is given by
L = 1
2
〈GµνGµν〉g + 2〈(DµA)†DµA〉g + g2〈[A,A†]2〉g + 2i〈Ψ†MFΨ〉g,
Ψ =
(
λ
ψ†
)
,Ψ† = (λ†, ψ),
MF =
( −iτ−µ Dµ √2gA
−√2gA† iτ+µ Dµ
)
,
τ±µ = (σ,∓i),
Dµ ≡ ∂µ − igvµ, (2)
where σ denotes the Pauli matrix.
Let us study the one-instanton solution of the gauge field. In the lowest order of g, one
can neglect the source terms from the other fields, and the classical equation of motion
of the gauge field DµGµν = 0 has the instanton solution [44, 45]. In the singular gauge,
the instanton solution with unit topological charge located at the origin is given by [46]
vµ =
2
g
ρ2η¯aµνxν
x2(x2 + ρ2)
ΩJaΩ†, (3)
where η¯aµν and ρ are the ’t Hooft symbol [47] and the instanton size, respectively. The
Ω is an element of the Lie group G, and the integration over it is necessary to ensure
the gauge invariance of the instanton calculation. The Ja are the three generators of
the SU(2) obtained by embedding an SU(2) into the Lie group G which minimizes the
1We follow the conventions given in the text book by Wess and Bagger [43].
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classical value of the gauge kinetic term in the action. This is equivalent to taking the
three generators satisfying [Ja, J b] = iεabcJc with a minimal value of 〈JaJa〉g. Assuming
J3 is an element of the Cartan subalgebra H of the Lie algebra, it is obtained [48] that
J3 =
1
2
r∑
i=1
αliHi,
J± =
1√
2
(J1 ± iJ2) = 1√
2
E±αl , (4)
where αl denotes one of the longest roots. More about our conventions on the Cartan-
Weyl basis are given in Appendix A. The norm of the generators takes the minimal value
〈JaJa〉g = 12 , and the classical value of the gauge kinetic term is given by
Sg =
8π2
g2
. (5)
Since [J3, Eα] =
1
2
(αl, α)Eα and (α
l, α) takes only the integral values 0,±1,±2, all the
generators in the Lie algebra g are classified into the parts which have the spin 0, 1
2
, 1
representations of the embedded SU(2) [48]. The spin 1 generators are those of the
embedded SU(2), and the number d of the doublet pairs (spin 1
2
) is related to the Dynkin
index by
d = kD − 4, (6)
which can be derived by evaluating 〈J3J3〉g in two ways [48]. We will write those doublet
pairs more explicitly. Define
E(α
1) = (Eα1 , Eα1−αl),
E(−α
1) = (E−α1+αl,−E−α1) (7)
for an α1 satisfying (αl, α1) = 1. With appropriate normalizations of Eα’s , the SU(2)
generators are represented as [Ji, E
(±α1)] = E(±α
1) 1
2
σi, where σi is the Pauli matrix. We
denote the set of α1’s labeling all the two doublet pairs (7) by ∆1(αl), which has d/2 =
(kD − 4)/2 elements in total.
In the lowest order of g, the classical equation of motion of λ is given by τ−µ D
µλ = 0,
and the same for ψ. The index theorem [49] applied for this case tells that this equation
has kD solutions. These fermion zero-modes in the one-instanton background can be given
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explicitly by using the generators with spin 1
2
and 1 of the embedded SU(2) as follows
(for Ω = 1):
λSSα = −
√
2ρ2
π
xµxνηcνλη¯dµλ(σcξ
SS)α
x2(x2 + ρ2)2
Jd,
λSCα =
ρ
π
xν η¯cνλ(τ
+
λ ξ
SC)α
(x2 + ρ2)2
Jc,
λ(±α
1)
α =
ρi√
2π
xµ(E
(±α1)τ−µ ε)α
(x2 + ρ2)3/2
√
x2
ξ(±α
1), (8)
where ε denotes a 2 by 2 anti-symmetric tensor with ε12 = 1, and we have used ξ to
label the gaugino zero-modes. The λSS and λSC are called the supersymmetric and the
superconformal zero-modes, respectively, which can be obtained by applying the super-
symmetry and the superconformal transformations to the gauge field (3), respectively.
The label α1 runs through ∆1(αl), and hence there are 2 + 2+ d = kD zero-modes in (8).
To define the integration measure, we will use the following norm:
‖ φ(x) ‖2=
∫
d4x2〈φ(x)†φ(x)〉g, (9)
where the field φ(x) takes values in the Lie algebra g. The integration measure on the
group space is defined through the following norm for an element s in the Lie algebra g:
‖ s ‖2g= 2〈s†s〉g. (10)
The bosonic zero-modes are the size ρ and the location x0 of the instanton as well as
the location of the embedded SU(2) in the Lie group G. The change of the instanton
configuration under the infinitesimal shifts of those zero-modes were calculated explicitly,
and the norms are given by [39]
‖ A(trans.)µ ‖ =
2
√
2π
g
,
‖ A(dilat.)µ ‖ =
4π
g
,
‖ A(trip.)µ ‖ =
2πρ
g
,
‖ A(doub.)µ ‖ =
√
2πρ
g
, (11)
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where the trip. and doub. denote the infinitesimal shifts generated by the triplet and
doublet generators in g, respectively. Since the number of the doublet zero-modes is
related to the Dynkin index by (6), the bosonic integration measure is given by [39, 10, 40]
27πkDµ2kDg−2kD
∫ ∞
0
dρρ2kD−5
∫
d4x0
∫
G/Gs
dΩ, (12)
where we have introduced the Pauli-Villas regulator µ, and Gs is the stability group of
the instanton Gs = {g|Ja = gJag†, g ∈ G}. Since we are interested only in a correlation
function invariant under the space rotational transformation, this symmetry induces the
invariance of the integrand under the color rotational symmetry generated by the embed-
ded SU(2) [50]. The integration over it results in the gauge volume Vol(SU(2)adj) = 2
3π2,
where we have used the definition of the norm (10) in the estimation of the gauge volume.
The fermionic zero-modes (8) are normalized to unity under the norm (9). Hence the
fermionic measure is given by [47, 7, 10]
µ−kD
∫
d2ξSSd2ζSSd2ξSCd2ζSC
∏
α1∈∆1(αl)
dξ(α
1)dζ (α
1)dξ(−α
1)dζ (−α
1), (13)
where we have introduced ζ to label the ψ zero-modes.
Gathering (5), (12) and (13), the integration measure over the zero-modes of the
instanton configuration is given by
210πkD+2ΛkDd g
−2kD
∫
d4x0
∫ ∞
0
dρρ2kD−5
∫
G/SU(2)×Gs
dΩ
∫
d2Ncξd2Ncζ, (14)
where we have used
∫
d2Ncξd2Ncζ to denote the Berezin integration part in (13) for sim-
plicity, and the dynamical scale is defined by ΛkDd = µ
kD exp
(
−8pi2
g2
)
.
2.2 Instanton calculation with scalar vacuum expectation values
Now we calculate the four fermion correlation function
〈ψ†0(x1)α˙ψ†0(x2)
α˙
λ†0(x3)α˙′λ
†
0(x4)
α˙′〉 (15)
of the classically massless fermion fields in the microscopic theory [1, 5, 6]: ψ†0(x) ≡
〈〈A〉ψ†(x)〉g, λ†0(x) ≡ 〈〈A〉λ†(x)〉g. We will need to evaluate the Yukawa terms to cancel
the fermionic zero-modes in the instanton measure (14), and hence the scalar vacuum
expectation values will appear in the calculation.
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The potential term 〈[A,A†]2〉g in (2) has the classical flat directions
A0 =
r∑
i=1
aiHi,
A†0 =
r∑
i=1
a¯iHi, (16)
where Hi are the generators in the Cartan subalgebra, and we take ai and a¯i as indepen-
dent variables to effectively use the holomorphy argument [10, 12, 13] in the instanton
calculations [16]. For generic ai, a¯i’s, the non-abelian gauge symmetry is completely bro-
ken to the Cartan subalgebra U(1)r spanned by the Hi, and the system is in the Coulomb
phase.
As for the color space, the instanton resides in the SU(2) subgroup minimally embed-
ded to the gauge group G [48] as was discussed in the previous subsection. The integration
over the embedding is needed to ensure the gauge invariance of the instanton calculation.
As can be shown by the global gauge transformation, this is equivalent to the integration
over the orientation of the scalar vacuum expectation values in the color space [6, 40, 41].
Thus the group integration
∫
dΩ in (14) can be done by rotating the scalar expectation
values,
〈A〉 = Ω†A0Ω,
〈A†〉 = Ω†A†0Ω, (17)
while the embedding of SU(2) itself is held fixed (The Ω in (3) is neglected.).
In the lowest order of g, the equation of motion of the scalar field is given by D2µA(x) =
0. The solution of this equation with the asymptotic value (17) is given by
A(x) =
x2
x2 + ρ2
〈A〉t +
√
x2
x2 + ρ2
〈A〉d + 〈A〉s, (18)
where 〈A〉t, 〈A〉d, 〈A〉s denote the triplet, doublet and singlet part of the 〈A〉 concerning
the embedded SU(2). Substituting this solution to the scalar kinetic term, we obtain
Sm = 8π
2ρ2f(〈A〉, 〈A†〉),
f(〈A〉, 〈A†〉) =
〈
〈A†〉t〈A〉t + 1
2
〈A†〉d〈A〉d
〉
g
. (19)
8
First we will consider the integration over the fermionic zero-modes. In the lowest
order of g, it turns out that the four supersymmetric zero-modes in the integration measure
cancel with those appearing in the massless fermion fields in (15) [1, 5, 6]. This is estimated
by solving the equations of motion of those fields:
iτ+ µDµψ
†(x)−
√
2g[A†(x), λSS(x)] = 0,
iτ+µDµλ
†(x) +
√
2g[A†(x), ψSS(x)] = 0, (20)
where we have substituted the supersymmetric fermionic zero-modes (8) into the source
terms. These equations can be solved as
ψ†(x)
α˙
=
g
4πi
(τ− µξSS)α˙DµA
†(x),
λ†(x)
α˙
= − g
4πi
(τ−µζSS)α˙DµA
†(x) (21)
by performing the supersymmetry transformation on the field A†(x) [5, 6]. Since we are
interested in the effective four-fermi vertex induced by an instanton, taking xi − x0 ≫ ρ,
we obtain
ψ†0(x1)α˙ψ
†
0(x2)
α˙
λ†0(x3)α˙′λ
†
0(x4)
α˙′ ∼ (πgρ2f)4
(
1
2
ξ2SS
)(
1
2
ζ2SS
)
S4F , (22)
where we have denoted the product of the fermion propagators as S4F ≡ SF α˙β(x1 −
x0)SF
α˙
β(x2 − x0)SF α˙′β′(x3 − x0)SF α˙′β′(x4 − x0) for simplicity.
The remaining fermion zero-modes appear in the Yukawa term 2
√
2gi〈ψ(x)[A†(x), λ(x)]〉g.
Substituting the scalar field solution (18) and the fermionic zero-modes (8) into it induces
a bilinear term between (ξSC, ξ(±α
1)) and (ζSC, ζ (±α
1)) with a matrix M(〈A†〉) depending
only on 〈A†〉.
Hence, after the integration over the fermionic zero-modes and the instanton size ρ,
we obtain
〈ψ†0ψ†0λ†0λ†0〉 = −
ΛkDd Γ(kD + 2)
g2kD−423kD−3πkD−2
∫
G/SU(2)×Gs
dΩ
detM(〈A†〉)
f(〈A〉, 〈A†〉)kD−2
∫
d4x0S
4
F . (23)
2.3 Group integration
As will be discussed in the following subsection, the four fermi correlation function must
be a holomorphic function of A0 and must be independent of the anti-holomorphic vari-
able A†0. Hence, taking the A
†
0 → ∞ limit, the matter action (19) will suppress the
9
contributions other than the cases
ρ ∼ 0 or 〈A〉t, 〈A〉d ∼ 0. (24)
The former condition was previously discussed in the explicit supersymmetric instanton
calculation in the N = 1 SU(2) SQCD [8]. The fact that the contributions come only
from the restricted region (24) suggests that the group integration remaining in (23) is
simple especially in supersymmetric gauge theories. In this subsection, we will perform
the group integration ∫
G/SU(2)×Gs
dΩ
detM(〈A†〉)
f(〈A〉, 〈A†〉)kD−2 (25)
by generalizing the method we took in our previous paper for the SU(Nc) case [16]. Since
the result should be a holomorphic function of A0, we will obtain it by estimating its
poles.
The poles will appear if A0 is such that f = 0 at some Ω . The condition f = 0 will
be understood as the holomorphic condition 〈A〉t = 〈A〉d = 0. This is equivalent to
[ΩJaΩ†, A0] = 0, (26)
where Ja are the generators of the embedded SU(2). For general Ω, the condition (26)
will give two conditions of ai’s, and will not be related to the poles. Thus we assume
one of the Ja′ = Ω′JaΩ′† is in the Cartan subalgebra H , say J3′ ∈ H , so that one of the
conditions is trivially satisfied. Repeating the discussions in section 2.1, J i
′
are given as
in (4). Thus the condition (26) becomes
(αl, a) = 0, (27)
where αl is one of the longest positive roots.
To estimate the order and the residue of the pole, we shift the condition (27) by an
infinitesimally small parameter: (αl, a) = ǫ. Since f = O(ǫ) for Ω = Ω′, it turns out that
only the following small fluctuation of Ω is needed in the estimation of the pole:
Ω = exp(−i√ǫδg)Ω′,
δg =
∑
α1∈∆1(αl)
(xα
1
Eα1 + x
α1∗E−α1 + y
α1Eα1−αl + y
α1∗E−α1+αl). (28)
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In fact, under this small fluctuation, f remains O(ǫ):
f(〈A〉, 〈A†〉) = ǫ
2
(a¯, αl) +
∑
α1∈∆1(αl)
ǫ(a, α1)(a¯s, α
1)
(
|xα1 |2 + |yα1|2
)
+ o(ǫ). (29)
On the other hand, the leading term of detM is O(1):
(Yukawa) =
√
2gi
1
2
(αl, a¯)ξSCεσ
3ζSC −
∑
α1∈∆1(αl)
(α1, a¯s)(ξ
α1ζ−α
1
+ ξ−α
1
ζα
1
)
+ o(1),
detM = 2kD/2−3gkD−2(αl, a¯)2
∏
α1∈∆1(αl)
(α1, a¯s)
2 + o(1). (30)
Here a¯s denotes the singlet part of a¯: a¯s ≡ a¯− 12αl(a¯, αl).
The integration measure of the group integration is defined through the norm ‖ · ‖g in
(10). Since ‖ √ǫδg ‖2g= 4ǫ
∑
α1∈∆1(αl)(|xα1 |2+ |yα1|2), the integration measure is estimated
as
dΩ ∼ 22(kD−4)ǫkD−4 ∏
α1∈∆1(αl)
dxα
1
1 dx
α1
2 dy
α1
1 dy
α1
2 (31)
in the lowest order of ǫ, where xα
1
= xα
1
1 + ix
α1
2 and y
α1 = yα
1
1 + iy
α1
2 . Gathering (29),
(30) and (31) and integrating over x and y, we obtain∫
G/SU(2)×Gs
dΩ
detM
fkD−2
∼ 2
5
2
kD−9πkD−4gkD−2
Γ(kD − 2) ×
1
ǫ2
∏
α1∈∆1(αl)(a, α1)2
. (32)
The full expression must have the similar poles for each αl with (a, αl) = 0. In fact,
such a function can be constructed for every simple Lie group. Let us define a holomorphic
function FG1 (a) by ∫
G/SU(2)×Gs
dΩ
detM
fkD−2
=
2
5
2
kD−9πkD−4gkD−2
Γ(kD − 2) F
G
1 (a). (33)
An explicit form of the function FG1 (a) is given as follows:
• Simply laced Lie groups
All the root vectors have the same lengths. We have a general expression for these
cases:
FG1 (a) =
∑
α∈∆+(G)
∏
α0∈∆+(G) :(α,α0)=0(a, α
0)2
∏
α1∈∆1(α)(a, α
1)(a, α1 − α)∏
α∈∆+(G)(a, α)
2
, (34)
where α and α0 run over the set of positive roots ∆+(G). The explicit expressions
are also given below for the classical Lie groups Ar and Dr.
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• Ar
The root vectors are described by using the orthogonal unit vectors ei : ei − ej
(i = 1, · · · , r+1 ; i 6= j). Denoting (a, ei) as ai and substituting into (34), we obtain
FAr1 (a) =
∑r+1
i=1 ∆
r(a1, . . . , âr, . . . , ar+1)
2∆r+1(a1, . . . , ar+1)
,
∆m(a1, . . . , am) ≡
m∏
k<l
(ak − al)2. (35)
• Br
The root vectors are described by ±ei, ±ei ± ej (i, j = 1, · · · , r ; i 6= j). The latter
ones are the longest roots. Denoting (a, ei) as ai, we obtain
FBr1 (a) =
2
∑r
i=1Q
r−1(a1, . . . , âi, . . . , ar)
Qr(a1, . . . , ar)
,
Qm(a1, . . . , am) ≡
m∏
k<l
(a2k − a2l )2. (36)
• Cr
The root vectors are given by ±√2ei, 1√2(±ei ± ej) (i, j = 1, · · · , r ; i 6= j). The
former ones are the longest. Denoting (a, ei) as ai, we obtain
FCr1 (a) =
2r−2∏r
i=1 a
2
i
. (37)
• Dr
The root vectors are given by ±ei ± ej (i, j = 1, · · · , r ; i 6= j). Denoting (a, ei) as
ai, we obtain
FDr1 (a) =
2
∑r
i=1 a
2
iQ
r−1(a1, . . . , âi, . . . , ar)
Qr(a1, . . . , ar)
. (38)
• G2
There are 6 positive roots: α1 = (
√
2
3
, 0), α2 = (
1√
6
, 1√
2
), α3 = (− 1√6 , 1√2), β1 =
(
√
3
2
, 1√
2
), β2 = (0,
√
2), β3 = (−
√
3
2
, 1√
2
). The βi’s are the longest. We obtain
FG21 (a) =
9∏3
i=1(a, βi)
2
. (39)
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• F4
There are 48 root vectors: ±ei, ±ei±ej (i, j = 1, · · · , 4 ; i 6= j), 12(±e1±e2±e3±e4).
The second ones are the longest roots. Denoting (a, ei) as ai, we obtain
F F41 (a) =
25((a21 − a22)2(a23 − a24)2 + (a21 − a23)2(a22 − a24)2 + (a21 − a24)2(a22 − a23)2)∏4
i<j(a
2
i − a2j )2
.
(40)
2.4 One-instanton correction to the prepotential
Substituting (33) into (23), we finally obtain the four-fermi correlation function as
〈ψ†0ψ†0λ†0λ†0〉 = −
ΛkDd
gkD−2π22kD/2+6
Γ(kD + 2)
Γ(kD − 2)F
G
1 (a)
∫
d4x0S
4
F . (41)
Now we will discuss the one-instanton correction to the prepotential. Define the mass-
less fields φi and W
α
i by
φ(x) =
1
g
φi(x)H
i + (massive fields),
W α(x) = W αi (x)H
i + (massive fields). (42)
In general, N = 2 low-energy effective action can be written of the form [1]:
Leff = 1
2π
Im
[∫
d4θ
(
∂F(φ)
∂φi
φ¯i
)
+
∫
d2θ
1
2
(
∂2F(φ)
∂φi∂φj
W αiWαj
)]
. (43)
Substituting (42) into (1) results in the classical part of the prepotential: Fclas.(φ) =
2pii
g2
φ2i . In quantum case, including one-loop and non-perturbative instanton corrections,
the prepotential takes the form
F(φ) = τ0
2
φ2i +
i
4π
∑
α∈∆+(G)
(α, φ)2 ln
(α, φ)2
Λ2d
+
∞∑
n=1
F inst.n (φ)ΛkDnd , (44)
where the term F inst.n (φ)ΛkDnd comes from the n-th instanton contribution.
Substituting φi ∼ ai+
√
2θψi andWi ∼ −iλi into (43), one can see that the low-energy
Lagrangian Leff contains the four-fermi interaction
Leff = · · ·+ 1
24πi
∂4F
∂ai∂aj∂ak∂al
ψiψjλkλl + · · · . (45)
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Since ψ0 = aiψi and λ0 = aiλi, the four-fermi correlation function becomes
〈ψ†0ψ†0λ†0λ†0〉 =
g8
26πi
aiajakal
∂4F(a)
∂ai∂aj∂ak∂al
∫
d4x0S
4
F , (46)
where we have performed the rotation to the euclidean space (t → −ix4). Comparing
with the microscopic calculation (41), we obtain the one-instanton contribution to the
prepotential as
ΛkDd F inst.1 (φ) = −
iΛkDd
π2kD/2
FG1 (φ). (47)
Here we have rescaled the fields as ga→ a, g2ψ†0 → ψ†0, g2λ†0 → λ†0, since the normalization
of the fields are different between (2) and (43).
To compare this microscopic one-instanton result with the exact solutions, the all over
normalization of the prepotential must be fixed. The classical part of the prepotential
is not enough for this purpose, because the bare coupling constant is not physical. On
the other hand, the all over factor of the one-loop correction to the prepotential in (44)
does not depend on the bare coupling constant neither on the dynamical scale Λd. In the
sequel, we will always normalize the prepotential by this one-loop correction.
3 Some exact results for classical gauge groups
3.1 The Picard-Fuchs equations for classical gauge groups
In this section we study the quantum moduli space of the low-energy effective theory of
N = 2 supersymmetric Yang-Mills theories with classical gauge groups. The low energy
effective theory for a classical Lie group G with rank r is described by N = 2 U(1)r
vector multiplets φi = (ai, ψi), W
i
α = (λi, v
i
µ) and the prepotential F(φ), a holomorphic
function of φ1, . . . , φr. The quantum moduli space is then characterized by the family of
hyperelliptic curves C : y2 = f(x; {ui},ΛG), which is parameterized by the gauge invariant
Casimir invariants ui =
1
i
< trφi > and dynamically generated scale parameter ΛG. The
fields ai and their dual fields aDi =
∂F
∂ai
belong to the sections of Sp(2r,Z) bundle over
the quantum moduli space. Their explicit form is obtained by the contour integral of the
meromorphic differential λG on the hyperelliptic curve:
(αi, aD) =
∫
Bi
λG,
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(λi, a) =
∫
Ai
λG, (48)
where (Ai, Bi) are certain homology cycles on C with the canonical intersection form
Ai ◦ Bj = δij , Ai ◦ Aj = Bi ◦ Bj = 0. αi are simple roots of G and λi are fundamental
weights of G.
The differential λG is determined by the condition
∂λG
∂si
= −ωi + dfi
dx
dx, (49)
where si is certain polynomial of ui’s and ωi are the basis of the holomorphic one-form
on the curve. The quantum moduli space contains singularities on which monopoles
and/or dyons become massless. When the dynamical scale ΛG goes to zero, the effective
theory becomes N = 2 non-abelian theory. The prepotential receives the non-perturbative
instanton corrections.
The hyperelliptic curve and the meromorphic differential are known for classical gauge
groups and are given as follows:
For Ar = SU(r + 1) (r ≥ 1) [23]
y2 = PAr(x)
2 − Λ2(r+1)Ar ,
λAr =
x
dPAr (x)
dx
y
dx, (50)
where
PAr(x) =
r+1∏
i=1
(x− ai) = xr+1 −
r+1∑
i=2
six
r+1−i,
r+1∑
i=1
ai = 0. (51)
For Br = SO(2r + 1) (r ≥ 2) [24]
y2 = PBr(x)
2 − Λ4r−2Br x2,
λBr =
−xdPBr (x)
dx
+ PBr(x)
y
dx, (52)
where
PBr(x) = Pr(x) ≡
r∏
i=1
(x2 − a2i ) = x2r −
r∑
i=1
s2ix
2r−2i. (53)
For Cr = Sp(2r) (r ≥ 2) [29]
x2y2 = PCr(x)
2 − Λ4r+4Cr ,
λCr =
−dPCr (x)
dx
y
dx, (54)
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where
PCr(x) = x
2
r∏
i=1
(x2 − a2i ) + Λ2r+2Cr = x2Pr(x) + Λ2r+2Cr . (55)
For Dr = SO(2r) (r ≥ 3) [25]
y2 = PDr(x)
2 − Λ4r−4Dr x4,
λDr =
−dPDr (x)
dx
+ 2PDr(x)
y
dx, (56)
where
PDr(x) = Pr(x), s2r = t
2 (57)
and s2, . . . , s2r−2, t are the gauge invariant order parameters.
In order to examine behavior of the periods Π = (ai, aiD) near the singularities, it
is useful to study the differential equation (the Picard-Fuchs equation) for the periods.
The solutions for the Picard-Fuchs equation have been investigated in the case of SU(Nc)
(Nc = 2, 3) [35], and SU(2) QCD with Nf (≤ 3) massless [36] and massive [38] flavors. In
the following we will work on the Picard-Fuchs equations for classical gauge groups.
We begin with the Ar case, as discussed in ref. [35]. From the relation
∂λAr
∂si
=
xr+1−idx
y
+
d
dx
x∂PAr (x)∂si
y
 dx, (58)
we get
∂2λAr
∂si∂sj
= −x
2r+2−i−jdx
y3
+ d(∗). (59)
This implies the differential equations LAri,j;p,qΠ = 0, where
LAri,j;p,q = ∂si∂sj − ∂sp∂sq (60)
for i + j = p + q. Other types of differential equations may be obtained by considering
the total derivative
d
dx
(
xk
y
)
=
kxk−1
y
− x
k dPAr
dx
PAr
y3
. (61)
Since
xk
dPAr
dx
= (r + 1)xr+1−k −
r+1∑
j=2
(r + 1− j)sjxr+1−j , (62)
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the r.h.s. of (61) may be expressed for 0 ≤ k ≤ r − 2 in terms of derivatives of λAr
up to total derivative, by using (58) and (59). Thus we may obtain a set of differential
equations LArk Π = 0, where
LAr0 = −(r + 1)∂s2∂sr +
r∑
j=2
(r + 1− j)sj∂sr+1∂sj+1 ,
LArk = k∂sr+2−k − (r + 1)∂s2∂sr−k +
r∑
j=2
(r + 1− j)sj∂sr+2−k∂sj . (63)
For k ≥ r − 1, the r.h.s. of (61) does not give the second order differential equation
with respect to si. However, taking certain linear combination of d(
xr−1
y
), · · · , d(x2r−1
y
),
one gets the second order differential equation. Let us define this non-trivial equation as
LArr−1Π = 0. LArr−1 is determined modulo LArk (0 ≤ k ≤ r−2). The differential operator LArr−1
contains the scale parameter Λ2r+2Ar in contrast to other differential equations. Although
we may not obtain general expressions for LArr−1 in the present work, we give examples for
Ar (r ≤ 4) cases, which is given as follows:
• A1
LA10 = −4(Λ4A1 − s22)∂2s2 + 1. (64)
• A2
LA21 = 4s22∂2s2 − 9(Λ6A2 − s23)∂2s3 + 12s2s3∂s2∂s3 + 3s3∂s3 + 1. (65)
• A3
LA32 = 4(s22 + 24s4)∂2s2 + 9s23∂2s3 − 16(Λ8A3 − s24)∂2s4
+12s2s3∂s2∂s3 − 32s2s4∂s2∂s4 + 3s3∂s3 − 16s4∂s4 + 1. (66)
• A4
LA43 = 4(s22 + 20s4)∂2s2 + 9s23∂2s3 − 25(Λ10A4 − s25)∂2s5
+12s2s3∂s2∂s3 − 32s2s4∂s2∂s4 − 8s3s4∂s3∂s4 + 20s2s5∂s2∂s5
+30s3s5∂s3∂s5 + 40s4s5∂s4∂s5 + 3s3∂s3 − 24s4∂s4 + 15s5∂s5 + 1. (67)
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Notice that in the above results, the quantum correction appears only in the second
derivative with respect to sr+1. For general Ar, one expects that the Picard-Fuchs equation
LArr−1 would take the form
LArr−1 = LAr,classicalr−1 − (r + 1)2Λ2rAr∂2sr+1, (68)
where LAr,classicalr−1 is certain differential operator which make the classical period
∮
λAr |Λ=0 =∮
dxxd log(PAr(x)) vanish. The detailed analysis is left for future study.
Next we consider the Picard-Fuchs equations for Br-type gauge groups. The mero-
morphic differential λBr satisfies
∂s2iλBr = −
x2r−2i
y
dx− d
dx
(
x∂s2iPr(x)
y
)
dx,
∂s2i∂s2jλBr = −
x4r−i−jPr(x)
y
dx+ d(∗). (69)
From (69) and
d
(
x2k+1
y
)
=
2kx2k
y
− x
2k+1 dPr(x)
dx
− x2kPr(x)
y
Pr(x), (70)
we obtain a set of the Picard-Fuchs equations:
LBri,j;p,qΠ = 0, i+ j = p+ q,
LBri Π = 0, i = 0, · · · , r − 2, (71)
where
LBri,j;p,q = ∂s2i∂s2j − ∂s2p∂s2q ,
LBri = −2i∂s2r−2i + (2r − 1)∂s2∂s2r−2−2i −
r∑
k=1
(2r − 2k − 1)s2k∂s2k∂s2r−2i . (72)
For Br (r ≤ 4), the differential equation LBrr−1Π = 0 which includes the scale parameter
takes the form
• B2
LB21 = 4s22∂2s2 − (9Λ6B2 − 16s2s4)∂s2∂s4 + 16s24∂2s4 + 8s4∂s4 + 1. (73)
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• B3
LB32 = 4(s22 − 105s4)∂2s2 + 100s24∂2s4 + 36s26∂2s6
+268s2s4∂s2∂s4 + 24s2s6∂s2∂s6 − (25Λ10B3 + 36s4s6)∂s4∂s6
+176s4∂s4 + 24s6∂s6 + 1. (74)
• B4
LB43 = 4(s22 − 448s4)∂2s2 + 784s22∂2s2 + 36s26∂2s6 + 64s28∂2s8 + 1296s2s4∂s2∂s4
+24s2s6∂s2∂s6 + 32s2s8∂s2∂s8 + 304s4s6∂s4∂s6 − 192s4s8∂s4∂s8
−(49Λ14B4 − 96s6s8)∂s6∂s8 + 1032s4∂s4 + 24s6∂s6 + 48s8∂s8 + 1. (75)
In a similar way we may derive the Picard-Fuchs equations for other classical gauge
groups. Here we summarize the results. For Cr type gauge group, the Picard-Fuchs
equations are
LCri,j;p,qΠ = 0, i+ j = p+ q,
LCri Π = 0, i = 1, . . . , r, (76)
where
LCri,j;p,q = ∂s2i∂s2j − ∂s2p∂s2q ,
LCri = −(2i+ 1)∂s2r+2−2i + (2r + 2)∂s2∂s2r−2i −
∑
k=1
r(2r + 2− 2k)s2k∂s2k∂s2r+2−2i ,
(77)
for i = 1, . . . , r − 1. LCrr for Cr (r = 2, 3, 4) are
• C2
LC22 = 4s22∂2s2 − (144Λ6C2 − 16s2s4)∂s2∂s4 + (72Λ6C2s2 + 16s24)∂2s4 + 8s4∂s4 + 1. (78)
• C3
LC33 = 4s22∂2s2 + (16s24 − 384Λ8C3)∂2s4 + (36s26 + 128Λ8C3s4)∂2s6
+16s2s4∂s2∂s4 + 24s2s6∂s2∂s6 + (256Λ
8
C3s2 + 48s4s6)∂s4∂s6
+8s4∂s4 + 24s6∂s6 + 1. (79)
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• C4
LC44 = 4s22∂2s2 + 16s24∂2s4 + 36s26∂2s6 + (200s6Λ10C4 + 64s28)∂2s8 + 16s2s4∂s2∂s4
+24s2s6∂s2∂s6 + (−800Λ10C4 + 32s2s8)∂s2∂s8 + 48s4s6∂s4∂s6
+(600s2Λ
10
C4
+ 64s4s8)∂s4∂s8 + (400s4Λ
10
C4
+ 64s6s8)∂s6∂s8
+8s4∂s4 + 24s6∂s6 + 48s8∂s8 + 1. (80)
For Dr (r ≥ 3), the Picard-Fuchs equations read
LDri,j;p,qΠ = 0, i+ j = p+ q
LDri Π = 0, i = 0, . . . , r − 1 (81)
where
LDri,j;p,q = ∂s2i∂s2j − ∂s2p∂s2q ,
LDri = −(2i− 1)∂s2r−2i + (2r − 2)∂s2∂s2r−2−2i −
∑
k=1
r(2r − 2− 2k)s2k∂s2k∂s2r−2i ,
(82)
for i = 0, . . . , r − 2. The remaining differential operator LDrr−1 for Dr (r = 3, 4) take the
form
• D3
LD32 = (4s22 − 96s4)∂2s2 + 16s24∂2s4 + (64s2s4 − 72s6)∂s2∂s4
+(−16Λ8D3 + 60s2s6)∂s2∂s6 + 32s4∂s4 + 6s6∂s6 + 1. (83)
• D4
LD43 = 4(s22 − 96s4)∂2s2 + 144s24∂2s4 − 36(Λ12D4 − s26)∂2s6 + 64s28∂2s8 + 272s2s4∂s2∂s4
+24s2s6∂s2∂s6 + 32s2s8∂s2∂s8 + 46s4s6∂s4∂s6 − 64s4s8∂s4∂s8 + 96s6s8∂s6∂s8
+200s4∂s4 + 24s6∂s6 + 48s8∂s8 + 1. (84)
So far we have written down the differential operators for classical gauge groups with rank
r ≤ 4. We now check the consistency of the above Picard-Fuchs equations. Since B2 = C2
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and A3 = D3, the differential equations should be equivalent though the curves look like
different. For B2 and C2, one needs to change the basis of root system
a1 =
1√
2
(aˆ1 + aˆ2),
a2 =
1√
2
(aˆ1 − aˆ2), (85)
where ai and aˆi are the Higgs field in C2 and B2 curves, respectively. This implies the
change of variables
s2 = sˆ2,
s4 = −sˆ4 − 1
4
sˆ22. (86)
One can check the Picard-Fuchs equations for B2 and C2 are equivalent if the scale pa-
rameters have a relation
Λ6B2 = −16Λ6C2 . (87)
For A3 and D3, we find that both differential equations are equivalent if the relations
s6 = −1
8
sˆ23,
s4 = −sˆ4 − 1
4
sˆ22,
s2 = −sˆ2,
ΛD3 = ΛA3 (88)
hold. Here s2i’s and sˆj ’s are order parameters in D3 and A3 curves respectively.
3.2 Solutions of the Picard-Fuchs equations in the semi-classical
regime
In this subsection we study the solutions of the Picard-Fuchs equations in the semi-
classical regime (Λ ∼ 0) and compute the one-instanton contributions to the prepotentials.
Firstly we consider the rank two case. Since the SU(3) Picard-Fuchs equations are studied
in ref. [35] using Apell’s generalized hypergeometric functions, we consider the B2 case.
As in the case of N = 2 SU(3) massless SQCD [37], the B2 Picard-Fuchs equations may
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not be written in the form of Apell’s type. Let us rewrite the equations by using Euler
derivatives ϑ2i = s2i∂s2i :
L0 = 3s−22 (ϑ22 − ϑ2) + s−14 ϑ4(ϑ4 − 1− ϑ2),
L1 = (2ϑ2 + 4ϑ4 − 1)2 −
9Λ6B2
s2s4
ϑ2ϑ4. (89)
It is natural to introduce new variables
x1 =
s4
s22
, x2 =
Λ6B2
s2s4
. (90)
We construct the power series solution of (89) around (x1, x2) = (0, 0). Let
w(a, b; x1, x2) =
∑
m,n≥0
cm,nx
m+a
1 x
n+b
2 = s
α
2s
β
4 + · · · , (91)
be a formal power series of x1 and x2 with c0,0 = 1. Here α = −2a − b and β = a − b.
The indicial equations of (89) read
β(β − 1− α) = 0, (2α + 4β − 1)2 = 0. (92)
These equations have two roots of multiplicity 2. They are (a, b) = (−1/6,−1/6),
(1/3,−1/6). From (89), cm,n obeys the recursion relations:
cm,n =
−3(m− 1− n+ a− b)(m− n + a− b− 2)
(m− n+ a− b)(−(m + a)− 1− 2(n+ b)) cm−1,n,
cm,n =
−9(m− n+ a− b+ 1)(2(m+ a) + (n− 1 + b))
(6(n+ b) + 1)2
cm,n−1. (93)
Thus we get two power series solutions w1(s2, s4) = w(−1/6,−1/6, x1, x2), w2(s2, s4) =
w(1/3,−1/6; x1, x2). Two periods a1(s2, s4) and a2(s2, s4) are expressed in terms of linear
combinations of w1 and w2. In the limit ΛB2 → 0, ai goes to φi, where φi is the solutions
of
(x2 − a21)(x2 − a22) = x4 − s2x2 − s4 = 0. (94)
This classical limit determines ai. We find that
a1(s2, s4) = w1(s2, s4), a2(s2, s4) = iw2(s2, s4). (95)
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We may obtain the logarithmic type solutions wD1, wD2 by the Frobenius method:
wD1(s1, s2) = −3(log s2)w1(s1, s2)− s4
s
3/2
2
+
3
8
Λ6B2
1
s
5/2
2
− 2
3
Λ6B2
s
1/2
4
s
7/2
2
+ · · · ,
wD2(s2, s4) = − log(s2s4)w2(s2, s4)− 5
3
s
3/2
4
s
5/2
2
+
1
8
Λ6B2
1
s
3/2
2 s
1/2
4
+
1
2
Λ6B2
s
1/2
4
s
7/2
2
+ · · · .(96)
The dual fields a1D and a
2
D are expressed as a
1
D = −wD1 + a11w1 + a12w2 and a1D =
−iwD2 + a21w1 + a22w2, where aij are constants. These constants are determined by
evaluating the period integral. For the computation of the instanton correction to the
prepotential, however, explicit form of aiD is not necessary. Actually the prepotential F(a)
satisfies the scaling equation [51]
8πib1s2 =
r∑
i=1
ai
∂F(a)
ai
− 2F(a), (97)
where b1 is the coefficient of the 1-loop beta function b1 = kD/16π
2. In the semi-classical
regime, the exact prepotential F(a) has an expansion
F(a) = τ
′
0
2
a2 +
i
4π
∑
α∈∆+(G)
(α, a)2 ln
(α, a)2
Λ2d
+
∞∑
n=1
Fn(a)ΛkDnG . (98)
Therefore, to calculate the one-instanton correction term F1, we need to know only explicit
form of ai. In the B2 case, by inserting (95) into (97), we find that
Λ6B2F1(a) = −
i
4π
Λ6B2
8
2
(a21 − a22)2
. (99)
In a similar way, one may perform exact calculation of the instanton calculation to the
prepotentials for other gauge groups. In the present work, we have performed the explicit
calculation up to rank 3 cases. But as in the case of Ar, the matching condition for the
scale parameter by making one of the vacuum expectation values of the Higgs fields large
and the Weyl group symmetry will determine F1 explicitly, which will be discussed in the
next section.
We next study the rank 3 case. Since A3 and C3 cases may be treated in a similar
way, we discuss the B3 case in some detail. Using the Euler derivatives, the differential
equations read
L0 = −5s−12 s−14 ϑ2ϑ4 + s−16 ϑ6(3ϑ2 + ϑ4 − ϑ6 + 1),
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L1 = −s−14 ϑ4(3ϑ2 + ϑ4 − ϑ6 + 1) + 5s−22 ϑ2(ϑ2 − 1),
L2 = 4ϑ22 − 4ϑ2 + 268ϑ2ϑ4 + 100ϑ24 + 76ϑ4 + 24ϑ2ϑ6 − 39ϑ4ϑ6 + 36ϑ26 − 12ϑ6 + 1
−420s4
s22
ϑ2(ϑ2 − 1)− 25Λ
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B3
s4s6
ϑ4ϑ6. (100)
We introduce new variables x1, x2, x3:
x1 =
s6
s2s4
, x2 =
s4
s22
, x3 =
Λ10B3
s4s6
(101)
and construct power series solutions around (x1, x2, x3) = (0, 0, 0) of the form
w(a, b, c; x1, x2, x3) =
∑
l,m,n≥0
dl,m,nx
l+a
1 x
m+b
2 x
n+c
3 = s
α
2s
β
4s
γ
6 + · · · , (102)
where α = −a− 2b, β = −a + b− c and γ = a− b and d0,0,0 = 1. The indicial equations
become
γ(3α+ β − γ + 1) = 0,
β(3α+ β − γ + 1) = 0,
4α2 − 4α + 268αβ + 100β2 + 76β + 24αγ − 36βγ + 36γ2 − 12γ + 1 = 0, (103)
which have solutions (α, β, γ) = (1/2, 0, 0), (−1/2, 1/2, 0), (−1/4 − β/2, β, 1/4 − β/2).
dl,m.n obey the recursion relations:
dl,m,n =
5l˜(l − 1, m, n)m˜(l − 1, m, n)
n˜(l, m, n)(3l˜(l, m, n) + m˜(l, m, n)− n˜(l, m, n) + 1)dl−1,m.n,
dl,m,n =
5m˜(l, m− 1, n)(m˜(l, m− 1, n)− 1)
m˜(l, m, n)(3l˜(l, m, n) + m˜(l, m, n)− n˜(l, m, n) + 1)dl,m−1,n,
dl,m,n =
420l˜(l, m− 1, n)(l˜(l, m− 1, n)− 1)
A(l, m.n)
dl,m−1,n +
25m˜(l, m, n− 1)n˜(l, m, n− 1)
A(l, m, n)
dl,m,n−1,
(104)
where l˜(l, m, n) = −(l + a) − 2(m + b), m˜(l, m, n) = −(l + a) + (m + b) − (n + c),
m˜(l, m, n) = (l + a)− (n+ c) and
A(l, m, n) = 4l˜(l, m, n)2 − 4l˜(l, m, n) + 268l˜(l, m, n)m˜(l, m, n) + 100m˜(l, m, n)2
+76m˜(l, m, n) + 24l˜(l, m, n)n˜(l, m, n)− 36m˜(l, m, n)n˜(l, m, n)
+36n˜(l, m, n)2 − 12n˜(l, m, n) + 1. (105)
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In order to determine (a, b, c), we need to consider the classical limit (Λ→ 0). In this
limit ±ai are the solution of x6 − s2x4 − s4x2 − s6 = 0. We thus find that the quantum
ai becomes
a1(s2, s4, s6) = w(
−1
10
,
−1
5
,
−1
10
; s2, s4, s6),
a2(s2, s4, s6) =
1 + i√
2
w(
3
20
,
1
20
,
−1
10
; s2, s4, s6) +
√
2(i− 1)
8
w(
−7
20
,
11
20
,
−1
10
; s2, s4, s6),
a3(s2, s4, s6) =
1− i√
2
w(
3
20
,
1
20
,
−1
10
; s2, s4, s6) +
√
2(−i− 1)
8
w(
−7
20
,
11
20
,
−1
10
; s2, s4, s6).
(106)
Using (97), we find that one-instanton correction to the prepotential is
F1 = − i
4π
1
8
(
1
(a21 − a22)2(a21 − a23)2
+
1
(a21 − a22)2(a22 − a23)2
+
1
(a21 − a23)2(a22 − a23)2
)
.(107)
For Cr type gauge groups, the results are as follows:
F1 =

i
4π
1
a21a
2
2
for C2,
i
4π
1
a21a
2
2a
2
3
for C3.
(108)
For A3, we have the same result as in ref. [16], which is expected from the matching
condition of the scale parameter.
4 Matching conditions for scale parameters
In this section, we will discuss the relations between the scale parameters in the micro-
scopic theories and those in the exact solutions for the classical gauge groups, and then
will compare the one-instanton corrections to the prepotentials. To do so, we will first
discuss the matching conditions of the scale parameters, and then will use the known
relation in N = 2 SU(2) SYM theory [14, 16].
When the gauge group is broken down from G to G′ by the Higgs mechanism, the
matching condition of effective gauge couplings in the Pauli-Villas regularization scheme
leads to the condition between the dynamical scales [14]:
ΛkDd,G =
∏
i
miΛ
k′
D
d,G′, (109)
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where mi’s denote the masses of the gauge bosons which become massive by the Higgs
scalar vacuum expectation values.
Firstly we consider the case Ar → Ar−1. The root vectors of Ar are given as in section
2.3. The reduction can be realized by considering a vacuum expectation value
a = b
r∑
i=1
ei − rber+1 + aˆ, (aˆ, er+1) = (aˆ,
r∑
i=1
ei) = 0, (110)
where b≫ aˆ. The massive gauge bosons are related to the roots ei − er+1 (i = 1, · · · , r),
and their mass is given by
√
2(a, ei − er+1) ∼
√
2(1 + r)b. Hence the matching condition
is given by
Λ
2(r+1)
d,Ar = 2(1 + r)
2b2Λ2rd,Ar−1. (111)
One can see easily that the one-instanton correction (35), (47) is consistent with the
matching condition (111). On the other hand, the matching condition in the exact solution
can be derived from the hyperelliptic curve most easily. Substituting
ai = (a, ei) = b+ aˆi (i = 1, · · · , r), ar+1 = (a, er+1) = −rb (112)
into (50), (51), one obtains the matching condition
Λ
2(r+1)
Ar = (1 + r)
2b2Λ2rAr−1, (113)
after a rescaling and a shift of y and x. Since Λd,A1 = ΛA1 in the Pauli-Villas regularization
scheme [14, 16], we obtain the relation between the scales as [16]
Λd,Ar = 2
r−1ΛAr . (114)
The same procedure works for cases Br → Br−1, Cr → Cr−1 and Dr → Dr−1, if one
considers the scalar vacuum expectation value (see section 2.3)
a = be1 + aˆ, (aˆ, e1) = 0. (115)
But a little care must be taken for the case Cr → Cr−1. This is because there are two kinds
of massive gauge bosons with different masses. They are related to the roots
√
2e1 and
1√
2
(ei ± e1) (i = 2, · · · , r), respectively. Only the latter appears in the one-loop diagram
of the renormalization of the gauge coupling of Cr−1. Hence the mass to be taken is b.
We will give a list of the matching condition in the following.
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• Br → Br−1
Λ4r−2d,Br = 4b
4Λ4r−6d,Br−1,
Λ4r−2Br = b
4Λ4r−6Br−1 . (116)
• Cr → Cr−1
Λ2r+2d,Cr = b
2Λ2rd,Cr−1,
Λ2r+2Cr = b
2Λ2rCr−1. (117)
• Dr → Dr−1
Λ4r−4d,Dr = 4b
4Λ4r−8d,Dr−1,
Λ4r−4Dr = b
4Λ4r−8Dr−1. (118)
All of the above relations for the dynamical scales Λd are consistent with the microscopic
instanton calculations (36), (37), (38) and (47).
Now let us discuss the Higgs breakings Br → Ar−1 and Dr → Ar−1. Both of them can
be realized by
a = b
r∑
i=1
ei + aˆ, (aˆ,
r∑
i=1
ei) = 0. (119)
Similar discussions as above show that
• Br → Ar−1
Λ4r−2d,Br = 2
3r−5b2r−2Λ2rd,Ar−1,
Λ4r−2Br = 4
rb2r−2Λ2rAr−1, (120)
and
• Dr → Ar−1
Λ4r−4d,Dr = 2
3r−6b2r−4Λ2rd,Ar−1,
Λ4r−4Dr = 2
2rb2r−4Λ2rAr−1. (121)
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Concerning Cr, we have the relation (87) as well as Λd,C2 = Λd,B2, which should be trivially
satisfied in the microscopic theory. The relations in this subsection consistently fix the
relations between Λd and Λ as follows:
Λ4r−2d,Br = 2
2r−7Λ4r−2Br ,
Λ2r+2d,Cr = −2Λ2r+2Cr ,
Λ4r−4d,Dr = 2
2r−8Λ4r−4Dr . (122)
Substituting (122) into the results of the microscopic one-instanton calculations (36), (37)
and (47), we find they agree with the exact solutions (99), (107) for B2,3 and (108) for
C2,3 on the numerical factors as well as on the functional forms.
5 Conclusions and discussions
In this paper, we have calculated the one-instanton correction to the prepotential in the
N = 2 SYM theory with any simple gauge group by the microscopic instanton calcu-
lation, and have found the microscopic one-instanton corrections agree with those from
the exact solutions for some classical gauge groups. To derive the instanton corrections
from the exact solutions, we have derived the Picard-Fuchs equations from the proposed
hyperelliptic curves and meromorphic differentials, and solve them to the one-instanton
level near semi-classical regime.
The generalization to N = 2 SQCD with fundamental hypermultiplets would be
straightforward. In N = 2 SU(2) SQCD with fundamental hypermultiplets, the lowest
instanton correction is the two-instanton effect [4]. This is due to the Z2 symmetry orig-
inating from the fact that the representation of SU(2) is psudoreal. For the other gauge
groups, one naturally expects the lowest instanton correction will be the one-instanton
contribution. Hence it would be interesting to investigate the comparison in N = 2 SQCD
with the other gauge groups, especially for the similar cases that some discrepancies have
been reported [21, 22]. These cases would be generalized to N = 2 SU(Nc) SQCD with
Nf (2Nc − 2 ≤ Nf ≤ 2Nc) fundamental hypermultiplets. In these cases, the result of the
group integration would have a regular term, which can not be determined solely by the
estimation of the poles. Thus one will have to improve the method in this direction.
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The investigation of the exceptional Lie groups would be also interesting. We have
already calculated the one-instanton correction to the prepotential by the microscopic one-
instanton calculation. Hence only the comparison with the exact solutions is necessary.
The explicit forms of the hyperelliptic curves for the G2 [32], F4 and E6,7,8 [33, 52, 53] SYM
theories have been already proposed. The new feature of the F4 and E6,7,8 cases is that
there are too many homology cycles on the hyperelliptic curves compared to the number
of the rank of the gauge groups. The comparison would be an interesting non-trivial test
for the validity of the proposed curves.
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Appendix A Conventions on the Cartan-Weyl basis
We use the following conventions on the Cartan-Weyl basis of the Lie algebra g of a simple
Lie group G.
[Hi, Eα] = αiEα,
[Eα, E−α] =
r∑
i=1
αiHi,
Tradj(HiHj) = kDδij ,
Tradj(EαE−α′) = kDδαα′ ,
where r is the rank of the Lie algebra g, αi is a root vector, and kD denotes the Dynkin
index of the adjoint representation. The trace is taken in the adjoint representation. The
longest roots αl are normalized by (αl, αl) = 2.
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Appendix B The Dynkin indices of the adjoint repre-
sentation
For completeness, we give here a list of Dynkin indices of the adjoint representations of
simple Lie algebras [54].
kD
Ar = 2(r + 1), kD
Br = 2(2r − 1), kDCr = 2(r + 1),
kD
Dr = 4(r − 1), kDG2 = 8, kDF4 = 18,
kD
E6 = 24, kD
E7 = 36, kD
E8 = 60.
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